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Controlled movement and suppression of spiral waves in excitable media
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Here we propose mechanisms for controlling the movement and suppression of spiral waves in discrete
excitable media. We show that the controlled drift and subsequent annihilation of a spiral wave can be
achieved through the combination of two factors: the introduction of small spatial inhomogeneities in the
medium and the interaction of the wave with the boundaries of the medium. The inhomogeneities can be
introduced in the spatial distribution of the relaxation parameters or in the coupling coefficient of the slow
variables of the partial cells making up the medium.@S1063-651X~98!00912-X#

PACS number~s!: 82.20.Wt, 05.45.1b
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The appearance of spiral waves in excitable and osc
tory media is often an undesirable effect, leading to unp
dictable consequences for many applications@1#. For in-
stance, a single spiral wave in cardiac tissue has b
identified as a likely cause of monomorphic ventricular
chycardia@2,3#. The spontaneous breakup of a spiral wa
into several waves and their subsequent multiplication
lead to chaotic behavior@4#. Such dynamics have been im
plicated as a mechanism for the onset of ventricular fibri
tion @5#, which is one of the leading causes of death in
dustrialized countries. Accordingly, there is a need
develop effective methods to control and annihilate sp
waves. We should also note that spiral waves are consid
to be interesting objects of observation and control in ot
biological systems@6# and many chemical@7# and physical
systems@8#.

Several methods for controlling and/or suppressing@9#
single spiral waves have been proposed. One of the m
effective schemes involves the application of an exter
driving signal~e.g., field! to the medium sustaining the spir
wave @10#. For example, a periodic, small-amplitude, un
form electric field can be used to initialize directed drift
spiral waves in excitable media. It has also been shown
perimentally and computationally that spiral waves can
stabilized and/or destroyed via the application of global fe
back @11#. In Ref. @12#, it has been shown that the presen
of parameter gradients can lead to drift and subsequent
nihilation of a spiral wave at the boundary. It has also be
demonstrated that geometry and the size of inhomogene
can significantly influence wave dynamics in excitable me
@13,14#.

In this paper, we present a method that utilizes small p
turbations to control and annihilate spiral waves in excita
media. With this method, we induce directed movement o
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spiral wave toward a boundaryby introducing localized spa-
tial inhomogeneities between the boundary and the core
the spiral wave~in order to amplify the influence of the
boundary@15#!.

Here we consider a discrete model of an excitable m
dium with nearest-neighbor coupling of partial elemen
~see, for example, Ref.@16#!:

u̇i , j5«21f ~ui , j ,v i , j !

1Du~ui 21,j1ui 11,j1ui , j 211ui , j 1124ui , j !,
~1!

v̇ i , j5«g~ui , j ,v i , j !

1Dv~v i 21,j1v i 11,j1v i , j 211v i , j 1124v i , j !,

where i 51, . . . ,M and j 51, . . . ,N. The functions
f (ui , j ,v i , j ) andg(ui , j ,v i , j ) have the forms

f ~ui , j ,v i , j !5ui , j2ui , j
3 /32v i , j ,

~2!
g~ui , j ,v i , j !5ui , j2gv i , j1b.

Variablesui , j andv i , j in Eq. ~1! are fast and slow variables
respectively, because we only consider small values for
relaxation parameter«, which controls the spatiotempora
scale separation. Parameterb defines the asymmetry be
tween the excitation and recovery for each element, and
rameterg.0 characterizes the dissipation of the slow va
ablev i , j . Du andDv are the coupling coefficients for th
fast and slow variables, respectively. This system could
taken as a simple model for cardiac tissue, which consist
separate excitable cells coupled through gap junctions.~In
the case of cardiac tissue, the slow variablev i , j does not
diffuse, i.e.,Dv50.)
6955 © 1998 The American Physical Society
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At the borderG of the medium, we consider free boun
ary conditions:

u0,j5u1,j , uM11,j5uM , j , ui ,05ui ,1 , ui ,N115ui ,N ,
~3!

v0,j5v1,j , vM11,j5vM , j , v i ,05v i ,1 , v i ,N115v i ,N .

The partial-cell model@in Eq. ~1! Du5Dv50] has a
steady state at the intersection of the null clinesf (ui , j ,v i , j )
50 andg(ui , j ,v i , j )50. The coordinates, (us ,vs), and sta-
bility of the steady state are defined by the values of par
etersb and g. If a steady state of a partial cell lies in th
interval u,21 or the intervalu.1, then it is stable. We
consider the case whenus,21.

It can be shown that atg50.5,b>2/3, the spatially ho-
mogeneous state with coordinatesui , j5us and v i , j5vs is
linearly stable in the medium. However, the spatially hom
geneous state may be unstable to large perturbations, w
can lead to the appearance of inhomogeneous motion
particular, depending upon the perturbation, it is possible
obtain either a single spiral wave, an ensemble of interac
spiral waves, or spiral spatiotemporal chaos. In this stu
we considera single spiral wave~presented in the lowe
snapshots in all columns in Figs. 1 and 2! formed by particu-
lar initial conditions in the discrete excitable medium~1!, for
a 1003100 lattice of partial cells with parameter values
«50.2, b50.7, g50.5, Du52.0, andDv50 @17#.

FIG. 1. Snapshots of the spatial distribution of the variableui , j

at different times~wherei corresponds to the horizontal axis andj
corresponds to the vertical axis!. Note that time is increasing alon
the vertical axis@from 0 to 360 in~a!, ~b!, and ~c!, and from 0 to
900 in ~d!#. Parameters:N5M5100,«150.3,«250.2,i 1551,i 2

5100.~a! The tip of the original spiral wave does not drift. Param
eters:j 1548,j 2555. ~b!,~c! The spiral wave drifts to the boundar
and then gets annihilated. Parameters:~b! j 1547,j 2556, and~c!
j 1546,j 2557. ~d! The spiral wave core gets pinned at the boun
ary. Parameters:j 153,j 2598.
-
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The critical sizeof a spiral wave, denoted asVcr , is the
minimum size of the medium that can sustain a spiral wa
Numerical simulations showed thatVcr for the system we
considered~as defined by the above parameter values! was a
lattice of 12312 partial cells. The region of reduced amp
tude in the center of a spiral is called thecoreand is denoted
asVcore. Numerical simulations showed that the core of t
single spiral wave arising in the system we considered~with
«50.2) was approximately inside a circle of radius four e
ements centered at the point (i 555,j 551). We also found
that if « is increased to 0.3560.01 ~for square lattices rang
ing from 12312 to 1003100 partial cells!, then the spiral
wave becomes unstable and the system~1! migrates to the
homogeneous steady state.

To induce controlled movement of the~unperturbed! spi-
ral wave toward the media boundary, we introduce wea
inhomogeneous domains in the medium. We consider
types of inhomogeneity:~1! in the spatial distribution of the
relaxation parameter«, and ~2! in the coupling coefficient
(Dv) of the slow variable. Inhomogeneities in the relaxati
parameter« correspond to the conventional situation f
many excitable systems, such as cardiac tissue and chem
reactions. In systems where the slow variable correspond
the concentration of interacting substances~e.g., as in chemi-

-

FIG. 2. Snapshots of the spatial distribution of the variableui , j

at different times~wherei corresponds to the horizontal axis andj
corresponds to the vertical axis!. Note that time is increasing alon
the vertical axis@from 0 to 7200 in~a! and from 0 to 720 in~b!, ~c!,
and~d!#. Parameters:N5M5100,«50.2,Du52,j 1551,j 2552. ~a!
The interaction of the spiral wave with the boundary does not l
to the annihilation of the spiral; instead, it leads to its reflecti
from the boundary, which is repeated in this case at the oppo
boundary, resulting in a crisscrossing pattern of movement. Par
eters:i 1561,i 25100, Dv* 50.3. ~b!, ~c!. The spiral wave drifts to
the right boundary and then gets annihilated. Parameters:~b! i 1

561,i 25100, Dv* 50.6,~c! i 1561,i 25100, Dv* 51.4.~d! The spi-
ral wave drifts to the left boundary and then gets annihilated.
rameters:i 151,i 2560, Dv* 50.9.
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cal systems, ecological systems, and systems descr
burning! or organisms~e.g., as in colonies of bacteria!, the
diffusion coefficient of the slow variable can naturally b
inhomogeneous. It can also be changed inhomogeneousl
the introduction of certain external actions, such as locali
temperature changes, illumination, and oxygen inhibiti
i.e., any action that leads to a localized change in the c
centration of substances corresponding to the slow varia

In this study we first consider the effects of introduci
inhomogeneities in the spatial distribution of the relaxat
parameter«. In our numerical experiments, the value of«
was spatially distributed according to the following relatio
ship:

«5H «1 , ~ i , j !PV«

«2 , ~ i , j !¹V«
~4!

whereV«5$( i , j )u i 1< i< i 2 ; j 1< j < j 2% is the domain of in-
homogeneity,i 1,2 and j 1,2 define the borders of the domain
and «1 and «2 are the values of the relaxation parame
inside and outside of the domain, respectively.

We performed numerical experiments for different valu
of parametersi 1 ,i 2 , j 1 , j 2 and «1 ,«2 . Figure 1 shows the
calculated results fori 1551, i 25100, «150.3, and «2
50.2 for different values ofj 1 , j 2 . Shown are sequentia
snapshots of the time evolution of the resulting spiral wa
The transition from the unperturbed spiral state@Fig. 1~a!# to
directed movement takes place atj 1547 and j 2556, i.e.,
when the (j 22 j 1) width of the inhomogeneous strip pract
cally coincides with the size ofVcr @18#. In Figs. 1~b! and
1~c!, one can see directed drift of the spiral wave to t
boundary and its subsequent annihilation. The influence
the boundary also manifests itself in Fig. 1~a! as a weak
change in the shape of the spiral wave, i.e., the part of
spiral wave located inside the regionV« is ‘‘attracted’’ to the
boundary. We found that the drift velocity of the spiral wa
increases with increasing size of the inhomogeneous re
V« . We also found that the direction of the spiral-wa
movement depends on the location and orientation of
spiral wave before the introduction of the inhomogeneity.
Fig. 1~d!, it can be seen that the spiral-boundary interact
can also serve to anchor the spiral wave to the bound
This finding is consistent with the results of Ref.@15#.

To obtain directed movement and suppression of a sp
wave, as described above, we found that the domain of
homogeneity must~1! have a width that is larger than o
close to the critical size of the spiral wave, i.e.,Vcr#V« , ~2!
extend to the one of the boundaries, i.e.,V«øGÞB, and~3!
almost cover the core of the spiral wave, i.e.,VcoreøV«

ÞB. Note that the core of the spiral wave remains with
the inhomogeneous domain during the controlled-movem
process.

We now consider the effects of introducing an inhomog
neous domain in the coupling coefficient of the slow va
ablesv i , j of the partial cells making up the medium. Th
associated diffusion term@DvÞ0 in Eq. ~1!# can be taken to
be the result of the presence of a short-acting field that
tablishes a new type of coupling between the partial cells
media boundary within the inhomogeneous domain. If o
considers the core of the spiral wave to be a particle, then
drift of the spiral wave can be represented as the movem
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of that particle in the short-acting field, with the source of t
field lying in the vicinity of the spiral-wave core. The field
after reflection from the boundary, influences the partic
causing it to drift@19#. Note that the interaction of a spira
wave with a planar, no-flux boundary is equivalent to t
interaction of two oppositely charged spiral waves@20#.

The coupling parameterDv is spatially distributed accord
ing to the following relationship:

Dv5H Dv* , ~ i , j !PVDv

0, ~ i , j !¹VDv

~5!

where VDv
5$( i , j )u i 1< i< i 2 ; j 1< j < j 2% is the domain of

inhomogeneity, andi 1,2 and j 1,2 define the borders of the
domain.

We performed numerical experiments for different valu
of parametersi 1 ,i 2 , j 1 , j 2 , and«. Figure 2 shows the calcu
lated results forj 1551, j 2552, Du52, and«50.2 for dif-
ferent values ofi 1 ,i 2 . Shown are sequential snapshots of t
time evolution of the resulting spiral wave. We found that f
successful spiral-wave suppression, one of two conditi
must be met:~1! the domainVDv

must be sufficiently narrow
~i.e., the width of the strip must be less than the critical s
of the spiral wave, but greater than the width of one par
cell! and the domain of inhomogeneity must intersect
region of the core, i.e.,VcoreøVDv

ÞB, or ~2! the domain

VDv
can be relatively large~i.e., Vcore,VDv

), but in such a
case, the drift of the spiral wave can occur only for a sm
region ofDv* . This means that for most of the values ofDv* ,
the size of the inhomogeneous~perturbed! regionVDv

must
be large enough to sustain the spiral wave. In both cases
necessary condition for the annihilation of the spiral wave
that the inhomogeneous domain must extend to one of
boundaries, i.e.,VDv

øGÞB. Successful spiral-wave sup
pression is presented in Figs. 2~b!–2~d!. Note that the defor-
mation of the spiral wave, resulting from the introduced
homogeneity, is enhanced if the value of the slow-varia
coupling coefficient is increased.

We also observed ‘‘competition’’ effects between boun
aries. Specifically, we found that if the inhomogeneous
main VDv

connects two opposite boundaries, then the sp
wave moves to the nearest boundary. We also found tha
some parameter values, the interaction of the spiral w
with the no-flux boundary does not lead to the annihilation
the spiral wave; instead, it leads to the reflection of the sp
wave from the boundary, followed by movement of the s
ral wave toward the opposite boundary. This process can
repeated, leading to a crisscrossing pattern of movem
@Fig. 2~a!#. This effect is consistent with our propose
particle-field mechanism for spiral-boundary interaction.

This work clearly shows that the movement of a spi
wave in excitable media can be controlled:~1! by changing
the level of relaxation in part of the medium that conne
the core of the spiral wave with the media boundary, or~2!
by changing the level of coupling between the slow variab
of partial cells located inside a region of the medium. The
novel methods are based on the introduction of inhomoge
ities and rely on the amplification of the interaction of th
spiral wave with the boundary. Each method results in
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6958 PRE 58OSIPOV, SHULGIN, AND COLLINS
directed drift of the spiral wave to the boundary, leading
the annihilation of the spiral wave. These methods could
implemented experimentally in chemical reactions, for e
ample, using localized illumination@14#.

These methods were successfully used in this study
suppress spiral waves in active excitable media~i.e., b
50.2). Because these methods are based on common
erties of spiral waves, they can also be applied to differ
media and used over a wide range of parameter values. H
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ever, inappropriate parameter values could lead to unpred
able effects, such as the appearance of spiral-wave chao
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