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Here we propose mechanisms for controlling the movement and suppression of spiral waves in discrete
excitable media. We show that the controlled drift and subsequent annihilation of a spiral wave can be
achieved through the combination of two factors: the introduction of small spatial inhomogeneities in the
medium and the interaction of the wave with the boundaries of the medium. The inhomogeneities can be
introduced in the spatial distribution of the relaxation parameters or in the coupling coefficient of the slow
variables of the partial cells making up the medid®1063-651X98)00912-X]

PACS numbes): 82.20.Wt, 05.45tb

The appearance of spiral waves in excitable and oscillaspiral wave toward a boundaby introducing localized spa-
tory media is often an undesirable effect, leading to unpretial inhomogeneities between the boundary and the core of
dictable consequences for many applicatigfig For in-  the spiral wave(in order to amplify the influence of the
stance, a single spiral wave in cardiac tissue has beepoundary[15]).
identified as a likely cause of monomorphic ventricular ta- Here we consider a discrete model of an excitable me-
chycardia[2,3]. The spontaneous breakup of a spiral wavedium with nearest-neighbor coupling of partial elements
into several waves and their subsequent multiplication cafsee. for example, Ref16]):
lead to chaotic behavid#]. Such dynamics have been im-

-1
plicated as a mechanism for the onset of ventricular fibrilla- uij=e f(uij,vi;)
tion [_5],_ which is one of the leading causes of death in in- +Dy(U g Uiy U U — AU ),
dustrialized countries. Accordingly, there is a need to ’ ' ' ' ’ (1)

develop effective methods to control and annihilate spiral

. . vi;=8g(Uj ;v )
waves. We should also note that spiral waves are considered "’ gt vij

to be interesting objects of observation and control in other +D,(vi—1jt Vit Ui 1TV j+1— b0 ),
biological system$6] and many chemicdl7] and physical
systemq 8]. where i=1,...M and j=1,...N. The functions

Several methods for controlling and/or suppresdifig  f(u;;,v;;) andg(u;;,v;;) have the forms
single spiral waves have been proposed. One of the more

effective schemes involves the application of an external f(u; 1Ui,j)=ui,j_ui3,j/3_vi,jl
driving signal(e.qg., field to the medium sustaining the spiral 2
wave [10]. For example, a periodic, small-amplitude, uni- g(u;j,vij)=Uij—yvi;+B.

form electric field can be used to initialize directed drift of
spiral waves in excitable media. It has also been shown exvVariablesuy; ; andv; ; in Eq. (1) are fast and slow variables,
perimentally and computationally that spiral waves can beespectively, because we only consider small values for the
stabilized and/or destroyed via the application of global feedrelaxation parameteg, which controls the spatiotemporal
back[11]. In Ref.[12], it has been shown that the presencescale separation. Parametgr defines the asymmetry be-
of parameter gradients can lead to drift and subsequent aitween the excitation and recovery for each element, and pa-
nihilation of a spiral wave at the boundary. It has also beerfametery>0 characterizes the dissipation of the slow vari-
demonstrated that geometry and the size of inhomogeneitielev; ;. D, andD, are the coupling coefficients for the
can significantly influence wave dynamics in excitable medidast and slow variables, respectively. This system could be
[13,14. taken as a simple model for cardiac tissue, which consists of
In this paper, we present a method that utilizes small perseparate excitable cells coupled through gap junctigins.
turbations to control and annihilate spiral waves in excitable¢he case of cardiac tissue, the slow variablg does not
media. With this method, we induce directed movement of aiffuse, i.e.,D,=0.)
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FIG. 1. Snapshots of the spatial distribution of the variable FIG. 2. Snapshots of the spatial distribution of the variahlg

at different timegwherei corresponds to the horizontal axis and at different timegwherei corresponds to the horizontal axis and
corresponds to the vertical axisNote that time is increasing along corresponds to the vertical axidNote that time is increasing along
the vertical axigfrom 0 to 360 in(a), (b), and(c), and from 0 to  the vertical axigfrom O to 7200 in(a) and from 0 to 720 in(b), (c),
900 in (d)]. ParametersN=M=100g,=0.3¢,=0.2j;,=51j, and(d)]. ParameterdN=M=100£=0.2D,=2,j;=51j,=52.(a)
=100.(a) The tip of the original spiral wave does not drift. Param- The interaction of the spiral wave with the boundary does not lead
eters:j;=48,,=55. (b),(c) The spiral wave drifts to the boundary to the annihilation of the spiral; instead, it leads to its reflection
and then gets annihilated. Parametébs: j,=47,j,=56, and(c) from the boundary, which is repeated in this case at the opposite
j1=46,j,=57.(d) The spiral wave core gets pinned at the bound-boundary, resulting in a crisscrossing pattern of movement. Param-
ary. Parameterg:;=3,j,=98. eters:i;=61j,=100, D} =0.3. (b), (c). The spiral wave drifts to
the right boundary and then gets annihilated. Parametbysi,
At the borderT" of the medium, we consider free bound- =61i,=100, D7 =0.6,(c) i,=61i,=100, Dy =1.4.(d) The spi-
ary conditions: ral wave drifts to the left boundary and then gets annihilated. Pa-
rametersi,;=1,,=60, D} =0.9.

Hoj=Uajr  Um+aj=tmjr Wio=lia, tinea=Uin ’3 The critical size of a spiral wave, denoted &3, is the
®) minimum size of the medium that can sustain a spiral wave.

Voj=V1j, UM+1j=UMmj, Vio=Vil, UViN+17ViN- Numerical simulations showed thék., for the system we

consideredas defined by the above parameter valwess a

The partial-cell modelin Eq. (1) D,=D,=0] has a lattice of 12<12 partial cells. The region of reduced ampli-
steady state at the intersection of the null clifés; ; ,v; ;) tude in the center of a spiral is called tbereand is denoted
=0 andg(u; j,v; ;)=0. The coordinates,us,vs), and sta-  as{)qye. Numerical simulations showed that the core of the
bility of the steady state are defined by the values of paramsingle spiral wave arising in the system we considéreith
etersB and y. If a steady state of a partial cell lies in the £¢=0.2) was approximately inside a circle of radius four el-
interval u<—1 or the intervalu>1, then it is stable. We ements centered at the point<55,=51). We also found
consider the case whan<—1. that if ¢ is increased to 0.350.01 (for square lattices rang-

It can be shown that ay=0.5,8=2/3, the spatially ho- ing from 12<12 to 100< 100 partial cells then the spiral
mogeneous state with coordinates;=us and v; j=vs is ~ wave becomes unstable and the systéinmigrates to the
linearly stable in the medium. However, the spatially homo-homogeneous steady state.
geneous state may be unstable to large perturbations, which To induce controlled movement of tifanperturbeg spi-
can lead to the appearance of inhomogeneous motion. Iral wave toward the media boundary, we introduce weakly
particular, depending upon the perturbation, it is possible tahhomogeneous domains in the medium. We consider two
obtain either a single spiral wave, an ensemble of interactingypes of inhomogeneityl) in the spatial distribution of the
spiral waves, or spiral spatiotemporal chaos. In this studyrelaxation parametet, and(2) in the coupling coefficient
we considera single spiral wave(presented in the lower (D,) of the slow variable. Inhomogeneities in the relaxation
snapshots in all columns in Figs. 1 andf@med by particu- parametere correspond to the conventional situation for
lar initial conditions in the discrete excitable medidin, for ~ many excitable systems, such as cardiac tissue and chemical
a 100x 100 lattice of partial cells with parameter values of reactions. In systems where the slow variable corresponds to
£=0.2, p=0.7, y=0.5, D,=2.0, andD,=0 [17]. the concentration of interacting substan¢eg., as in chemi-
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cal systems, ecological systems, and systems describirgf that particle in the short-acting field, with the source of the
burning or organismge.g., as in colonies of bactejjahe field lying in the vicinity of the spiral-wave core. The field,
diffusion coefficient of the slow variable can naturally be after reflection from the boundary, influences the particle,
inhomogeneous. It can also be changed inhomogeneously viausing it to drift{19]. Note that the interaction of a spiral
the introduction of certain external actions, such as localizedvave with a planar, no-flux boundary is equivalent to the
temperature changes, illumination, and oxygen inhibitionnteraction of two oppositely charged spiral way8).
i.e., any action that leads to a localized change in the con- The coupling parametdD,, is spatially distributed accord-
centration of substances corresponding to the slow variabléng to the following relationship:
In this study we first consider the effects of introducing

inhomogeneities in the spatial distribution of the relaxation D}, (i,j)eQDv
parameters. In our numerical experiments, the value of D,= 0 (iieq %)
was spatially distributed according to the following relation- (e D,
ship: WhereQsz{(i,j)|i1<isi2;jlsjsj2} is the domain of

e, (i,j)eQ, inhomogeneity, and, , and j, , define the borders of the

&= &s, (l,j)QEQ (4) domain.
€ We performed numerical experiments for different values

whereQ,={(i,j)|i;<i<i,;j1<j<],} is the domain of in- Of parameters, ,i,,j,,j,, ande. Figure 2 shows the calcu-
homogeneityj, , and | , define the borders of the domain, lated results foj; =51, j,=52, D,=2, ands =0.2 for dif-
ande, and &, are the values of the relaxation parameterf€rent values ofy,i,. Shown are sequential snapshots of the
inside and outside of the domain, respectively. time evolution of the resulting spiral wave. We found that for

We performed numerical experiments for different valuesSuccessful spiral-wave suppression, one of two conditions
of parametersy,i,,j1,j» and e;,e,. Figure 1 shows the Mustbe met(1) the domain()p must be sufficiently narrow
calculated results fori;=51, i,=100, £;,=0.3, ande, (i.e., the width of the strip must be less than the critical size
=0.2 for different values ofj;,j,. Shown are sequential of the spiral wave, but greater than the width of one partial
snapshots of the time evolution of the resulting spiral wavecell) and the domain of inhomogeneity must intersect the
The transition from the unperturbed spiral stidfey. 1(a)]to  region of the core, i.eﬂcoreUQDva&@, or (2) the domain

directed movement takes place jat=47 andj,=56, i.e.,  (p can be relatively largéi.e., ¢l p ), butin such a
when the (,—j,) width of the inhomogeneous strip practi- c4ge  the drift of the spiral wave can occur only for a small

cally coincides with the size ol [18]. In Figs. Xb) and o4ion ofp* . This means that for most of the valuesif ,

1(c), one can see directed drift of the spiral wave to the, . . .
boundary and its subsequent annihilation. The influence otfhe size of the inhomogeneogserturbed reg|onQDU must

the boundary also manifests itself in Figlalas a weak be large enough_ Fo sustain the §p_ira|_ wave. In boj[h cases, Fhe
change in the shape of the spiral wave, i.e., the part of thBecessary condition for the ann_lhllat|on of the spiral wave is
spiral wave located inside the regiéh is “attracted” to the that the llnho.mogeneous domain must extepd to one of the
boundary. We found that the drift velocity of the spiral wave Poundaries, i.e.{lp UI'#J. Successful spiral-wave sup-
increases with increasing size of the inhomogeneous regiopression is presented in Figgb2-2(d). Note that the defor-
Q.. We also found that the direction of the spiral-wave mation of the spiral wave, resulting from the introduced in-
movement depends on the location and orientation of th&omogeneity, is enhanced if the value of the slow-variable
spiral wave before the introduction of the inhomogeneity. Incoupling coefficient is increased.

Fig. 1(d), it can be seen that the spiral-boundary interaction We also observed “competition” effects between bound-
can also serve to anchor the spiral wave to the boundangries. Specifically, we found that if the inhomogeneous do-
This finding is consistent with the results of REF5]. main (p connects two opposite boundaries, then the spiral

To obtain directed movement and suppression of a spiravave moves to the nearest boundary. We also found that at
wave, as described above, we found that the domain of insome parameter values, the interaction of the spiral wave
homogeneity mustl) have a width that is larger than or with the no-flux boundary does not lead to the annihilation of
close to the critical size of the spiral wave, i8,CQ,, (2) the spiral wave; instead, it leads to the reflection of the spiral
extend to the one of the boundaries, i®,UI'#J, and(3)  wave from the boundary, followed by movement of the spi-
almost cover the core of the spiral wave, .8, J), ral wave toward the opposite boundary. This process can be
#J. Note that the core of the spiral wave remains withinrepeated, leading to a crisscrossing pattern of movement
the inhomogeneous domain during the controlled-movemerjtrig. 2(a)]. This effect is consistent with our proposed
process. particle-field mechanism for spiral-boundary interaction.

We now consider the effects of introducing an inhomoge- This work clearly shows that the movement of a spiral
neous domain in the coupling coefficient of the slow vari-wave in excitable media can be controlldd) by changing
ablesv; ; of the partial cells making up the medium. The the level of relaxation in part of the medium that connects
associated diffusion terfrD,#0 in Eq.(1)] can be taken to the core of the spiral wave with the media boundary(2r
be the result of the presence of a short-acting field that ey changing the level of coupling between the slow variables
tablishes a new type of coupling between the partial cells andf partial cells located inside a region of the medium. These
media boundary within the inhomogeneous domain. If onenovel methods are based on the introduction of inhomogene-
considers the core of the spiral wave to be a particle, then thities and rely on the amplification of the interaction of the
drift of the spiral wave can be represented as the movemerspiral wave with the boundary. Each method results in the
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directed drift of the spiral wave to the boundary, leading toever, inappropriate parameter values could lead to unpredict-
the annihilation of the spiral wave. These methods could bable effects, such as the appearance of spiral-wave chaos.
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